We consider the long-term dynamics of nonlinear dispersive waves in a finite periodic domain. The purpose of the work is to show, for the first time, that the statistical properties of the wave field rely critically on the structure of the discrete resonant manifold (DRM). To demonstrate this, we simulate the two-dimensional MMT equation on rational and irrational tori, resulting in remarkably different power-law spectra and energy cascades at low nonlinearity levels. The difference is explained in terms of different structures of the DRM, which makes use of the recent number theory results. arXiv:2003.10801v1 [physics.flu-dyn] 
I. INTRODUCTION
Wave turbulence describes the long-term statistical behavior of a large number of dispersive waves under nonlinear interactions. For any given physical context described by nonlinear wave equations, wave turbulence theory (WTT) predicts an inertial-range power-law spectrum associated with an energy cascade process, analogous to the Kolmogorov description of hydrodynamic turbulence. Due to the generality of this mathematical framework, WTT has found wide applications including surface and internal gravity waves [e.g. 1, 2] , capillary waves [e.g. 3], plasma waves [e.g. 4], acoustics [e.g. 5] , and, recently, gravitational waves in the early universe [e.g. 6] .
In spite of its success, WTT relies on the assumption of an infinite domain, which is violated in finite experimental facilities and numerical domains (say, with periodic boundary conditions). In these bounded systems, the spectral slope and energy flux are often observed to deviate from the WTT solutions [e.g. [7] [8] [9] [10] [11] [12] . These deviations are (partly) attributed to the discreteness in wave number, ∆k, that results from the boundary conditions of the finite domain. The effect of discreteness ∆k on wave dynamics can be understood through the quasi-resonance conditions (say, for a quartet)
where k represents the wave number vector and ω is the angular frequency determined from k by the dispersion relation. Ω is the nonlinear broadening in frequency, which increases with nonlinearity level [e.g. 13, 14] . It is postulated that the WTT spectrum can only be (approximately) obtained in the regime of kinetic wave turbulence (KWT), where the nonlinear broadening overcomes the discreteness, i.e., Ω > ∆ω, with ∆ω as the frequency discreteness associated with ∆k. For Ω < ∆ω, the number of interacting quartets of the wave field is reduced, resulting in a deviation from the dynamics predicted by WTT. * yulinpan@umich.edu This regime is called discrete wave turbulence (DWT), featuring clusters of interacting quartets which may constitute a cascade [15] [16] [17] . Both experiments and numerical simulations of DWT have shown, in many cases, steepened spectra compared to the KWT regime [7, [9] [10] [11] [12] , as well as restricted energy transfer (confined within small wave numbers) [8, 18] or "frozen turbulence" [7] for sufficiently small Ω. The transition from the DWT to the KWT regime is associated with an increasing nonlinearity level which triggers a "spectral avalanche" in the corresponding "sandpile" model [19] . The traditional KWT-DWT description implies that the deviation of bounded domain dynamics from WTT depends only on the nonlinearity level and wave number discreteness. In the present work, we show that this traditional understanding overlooks a key property -the structure of the discrete resonant manifold (DRM) that survives as nonlinear broadening Ω approaches zero, i.e., the discrete set of resonant quartets which satisfy (1) with Ω = 0. To illustrate this idea, we conduct a numerical study of the Majda, McLaughlin, Tabak (MMT) equation [20] [21] [22] in two dimensions with dispersion relation ω = |k| 2 on rational and irrational tori (periodic domains of rational and irrational aspect ratios), which correspond to different structures of DRM. We show remarkably different power-law spectra on these two tori, with the rational-torus spectral slope approaching the WTT solution with decreasing nonlinearity, in contrast to the steepened spectrum on the irrational torus (which agrees with the traditional understanding of DWT). The dynamical differences between the tori are interpreted through the different DRM structures, over which a summation of resonant interactions critically determines the energy cascade. It is found that the DRM approximates the continuous resonant manifold (CRM) of WTT (i.e., the continuous set satisfying (1) with Ω = 0) only on the rational torus. This can be tied to a recent number theoretic result [23] , which rigorously equates the Riemann sum over the DRM of the rational torus to the integration over the CRM with a constant factor difference. We conclude by outlining the implications of our findings to general physical wave contexts. 
II. NUMERICAL SETUP
We consider the the two-parameter (α, β) MMT equation in two spatial dimensions:
where ψ ≡ ψ(x, t) with x the spatial coordinates and t the time. |∂ x | α denotes a multiplication by k α on each spectral component in wave number domain, with k = |k|. The parameter α = 2 is chosen, resulting in ω = k 2 , the same dispersion relation as the nonlinear Schrdinger equation. We choose β = −4, which corresponds to the explosion regime of evolution [24] , i.e., a fast spectral evolution with nonlinear time scale decreasing with the increase of k. The MMT equation (2) corresponds to a Hamiltonian system with the Hamiltonian
Application of WTT on (2) (on an infinite domain) yields an analytical solution of
where γ 0 = −14/3,ψ k is the Fourier transform of ψ,ψ k denotes the complex conjugate ofψ k , and angle brackets denote an ensemble average. This isotropic spectrum represents a stationary solution of the WTT kinetic equation [22, 25] ∂n
where δ is the Dirac delta function.
In order to study the effect of DRM structure, we also consider (2) on rational and irrational tori T 2 r and T 2 ir of sizes 2π × 2π/q, with q = 1 for T 2 r and q 2 = √ 2 for T 2 ir . The corresponding discrete wave numbers are taken from the sets Z 2 r,ir ≡ Z×qZ. While any irrational number q results in an irrational torus, the particular value q 2 = √ 2 eliminates the majority of resonant quartets that exist in T 2 r . We provide a sketch of the allowed resonant quartets on T 2 r and T 2 ir in figure 1, with theoretical justification given in [25] . We simulate (2) using a GPU-accelerated pseudospectral method with 170 × 170 alias-free modes on both T 2 r and T 2 ir . Although the irrational number q 2 = √ 2 is truncated in its double-precision representation, sufficiently many digits are kept to capture its full effect on the DRM. Multiple simulations of free-decay turbulence are conducted, starting from isotropic Gaussian spectra with random phases covering a broad range of nonlinearity levels. To model damping at high wave numbers, we add a term −iν|∂ x | 8 ψ to the right hand side of (2). The parameter ν takes values ν R ≡ [2.50×10 −17 , 2.50×10 −16 ], for which clear power-law spectra can be observed at all nonlinearity levels of interest. We further consider an optimal value ν opt (for each nonlinearity level on each torus) that corresponds to the smallest ν in ν R without resulting in "bottleneck" energy accumulation at high wave numbers. In the next section, we report results for ν opt as well as uncertainty bars associated with ν R .
III. RESULTS
We define the nonlinearity level of a wave field as ≡ H 1 /(H 0 + H 1 ). In figure 2 , the initial and fullydeveloped spectra n k at different values of obtained with ν opt are plotted for T 2 r and T 2 ir . We see that, starting from initial Gaussian spectra, the fully-developed spectra exhibit power-law forms with inertial ranges of about 2/3∼4/3 decades depending on on each torus. We evaluate the spectral slope γ based on a linear fit of the inertial power-law range (see dashed line indication in figure 2). Figure 3 plots the spectral slope γ obtained with ν opt as a function of (ranging two orders of magnitude) on both tori. We also include the uncertainty bars computed from the range ν R , which show insignificant impacts on the values of γ (with an order of magnitude variation of ν, the largest uncertainty in γ is O(0.5)). At high nonlinearity levels, the values of γ on both tori are almost identical, and about 0.5 smaller (i.e., steeper spectra) than the WTT value γ 0 = −14/3. With the decrease of nonlinearity, the spectral slope γ exhibits remarkably different behaviors on the two tori. On T 2 ir , γ decreases with , indicating steepened spectra in agreement with previous observations on other wave systems [7, [9] [10] [11] [12] . However, on T 2 r , γ approaches and remains at γ 0 with the decrease of , a trend unexplained by the traditional KWT-DWT theory.
To understand the behavior of γ, we further investigate the energy cascade on both tori. Unlike the previous evaluation of energy flux P based on the dissipation (or energy input) rate [e.g. 9, 26-28], we develop a new approach to evaluate P directly from the dynamical equation (2), which rules out the uncertainties associated with the quasi-stationary state and the artificial form of the dissipation. The new approach also allows us to distinguish the contribution to P from exact-resonant and quasi-resonant interactions, i.e., P = P ext + P qua , a key element of our analysis. From a control volume argument, we obtain
where * denotes either ext or qua (i.e., quantities associated with exact resonance or quasi-resonance), and k b is a wave number in the inertial range. We use k b = 25 for the subsequent results and have confirmed that the choice of k b does not affect our conclusions. The quantity ∂n k /∂t| * can be directly derived from (2) [25] :
where Im denotes the imaginary part of a function, r are consistently larger than those on T 2 ir , with a pronounced difference (about one decade) for small . This indicates that the energy cascade is far more efficient on T 2 r , especially at low nonlinearity. We further plot P ext /P as a function of in figure 4(b). With the decrease of , it is found that P ext /P on T 2 r quickly approaches unity, showing the dominance of exact resonance on the energy cascade at low nonlinearity. The regime of P ext /P ≈ 1 occurs consistently with γ ≈ γ 0 for nonlinearity level 0.005 on T 2 r . On the other hand, the ratio P ext /P on T 2 ir increases much slower, not exceeding 50% in the range of nonlinearities of interest. This analysis implies that the surviving exact resonances at low nonlinearity are critical in understanding the agreement between γ and γ 0 on T 2 r , as well as the steepened spectrum on T 2 ir .
IV. ROLE OF THE DRM
In this section, we further investigate the structure of the resonant set S ext , termed the discrete resonant man-ifold (DRM), which becomes increasingly important to the dynamics with the decrease of nonlinearity level. In particular, we will show that ∂n k /∂t| ext in (7) is related to the WTT kinetic equation, which explains γ = γ 0 at low nonlinearity on T 2 r . It has been rigorously proven by number theory [23] that for the dispersion relation ω = k 2 on the T 2 r , the summation in (7) over S ext (the DRM) converges to an integral on the corresponding CRM with a factor difference in the limit of high wave numbers. Built on the continuous resonant equation given in [23] , we can derive [25] ∂n k ∂t ext ∼ 2kk 1 k 2 k 3 (k1,k2,k3)∈Sext
At low nonlinearity, ∂n k /∂t = ∂n k /∂t| ext on T 2 r . We can then formulate the kinetic equation (5) (up to a factor difference) based on (8) , under the quasi-Gaussian statistics of ψ, which we have confirmed with numerical data at low nonlinearity ( figure 5) . Therefore, the spectral slope on T 2 r yields γ = γ 0 as in the stationary solution of (5). On the other hand, (8) is not satisfied for T 2 ir , resulting in the steepened spectra at low nonlinearity level as previously explained in the KWT-DWT framework.
We further elaborate the structure of the DRMs on T 2 r and T 2 ir using a numerical example. For visualization, we fix k 2 = (−36, 31q) and k 3x = −22, and parameterize the set S ext = {k 1x , k 1y , k 3y } by k. We plot figure 6 . While the DRM on T 2 r resembles the CRM, the DRM on T 2 ir is fundamentally different with a diminished number of resonant quartets. The salient contrast in these DRM structures is the inherent reason for different DWT dynamics on T 2 r and T 2 ir .
V. CONCLUSIONS AND DISCUSSIONS
Through simulations of the 2D MMT equation (with dispersion relation ω = k 2 ) on rational and irrational tori (T 2 r and T 2 ir ), we identify the critical effect of the structure of discrete resonant manifold (DRM) on discrete wave turbulence (DWT). On T 2 r , the DRM structure resembles the continuous resonant manifold (CRM), with a Riemann summation over the DRM converging to an integral over the CRM. The spectral slope thus approaches γ 0 for low nonlinearity as predicted by the WTT kinetic equation. On T 2 ir , the DRM is altered by the diminished number of resonant quartets, leading to steepened spectrum and reduced energy cascade capacity with the decrease of nonlinearity.
The DRM structure relies on the number-theoretic properties of S ext (in particular whether (7) can be related to (8) ). These properties depend on the dispersion relation, domain aspect ratio and dimensionality, and the number of modes involved in each interaction. Therefore, different physical wave systems may have different DWT dynamics, which leads to much richer and more diverse physics than that in the unified KWT-DWT framework (e.g., capillary wave turbulence on T 2 r shows steepened spectrum [9] in contrast to MMT turbulence). More number-theoretic results are also needed to establish the connection between (7) and (8) for other physical dispersion relations.
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Taking the (non-unitary) Fourier transform ψ →ψ k of (1), we obtain the k-domain representation:
Defining ψ kψk = n k δ(k − k ), the evolution of n k can be derived (through the subtraction of (2)×ψ k from its conjugate):
The following derivation for the kinetic equation involves the standard procedure to relate the forth-order moment in (3) to second-order correlations through the quasi-Gaussian closure model. The detailed procedure can be found in [1] [2] [3] [4] . Taking a large time limit of the result ((3) with second-order correlations) yields the kinetic equation: ∂n k ∂t = k1,k2,k3∈R 2 4πk 2 k 2 1 k 2 2 k 2 3 (n k1 n k2 n k3 + n k1 n k2 n k − n k1 n k3 n k − n k2 n k3 n k )
While a complete derivation of the Kolmogorov-Zakharov spectra (for both forward and inverse cascades) can be formulated [1, 3, 4] , only the spectral slope γ 0 for the forward cascade is of interest for our present work. The value of γ 0 can be conveniently obtained through γ 0 = −2s/3 − d (for quartet resonance) [3] , where d is the dimension of k and s is degree of homogeneity of the interaction kernel V = kk 1 k 2 k 3 . With d = 2 and s = −β = 4 (for MMT), we obtain γ 0 = −14/3.
II. MMT FORMULATIONS ON A TORUS
We define the Fourier series ψ(x) = k∈Z 2 r,irψ k e ik·x (for simplicity, we do not distinguishψ k from the infinite domain notation), where Z 2 r,ir ≡ Z × qZ with q = 1 for T 2 r and q 2 = √ 2 for T 2 ir . The wave number domain formulation of (1) then yields 
Considering n k = ψ kψk for the discrete case, the evolution of n k can be derived (through similar procedures as the infinite domain case)
It has been proved in [5] as a number theory problem that k1,k2,k3∈Z 2 r (k1,k2,k3)∈Sextâ k1âk2âk3 ∼ k1,k2,k3∈R 2 (k1,k2,k3)∈Sextâ
in the limit of high wave numbers. By settingâ k = kψ k , (8) can be used to replace the sums over S ext in (6) and (7) on T 2 r with integrals over the CRM. Under low nonlinearity, the term regarding S qua in (7) approaches zero, and we arrive at ∂n k ∂t = ∂n k ∂t ext ∼ k1,k2,k3∈R 2 (k1,k2,k3)∈Sext 2kk 1 k 2 k 3 Im ψ kψk1ψk2ψk3 dk 1 dk 2 dk 3 , on T 2 r .
III. RESONANT QUARTETS ON T 2 r AND T 2
ir
We consider the exact resonance condition for a quartet:
with dispersion relation ω k = |k| 2 . For discrete wave number k = (n, qm) with m, n ∈ Z on T 2 r (q = 1) and T 2 ir (q 2 = √ 2), the resonance condition (10) can be expanded as n 1 + n 2 − n 3 − n = 0 (11) Substituting (11) and (12) into (13) yields (n 1 − n)(n 2 − n) = −q 2 (m 1 − m)(m 2 − m)
For T 2 r (q = 1), (14) is reduced to (k 1 −k)·(k 2 −k) = 0, i.e., (k 1 −k) ⊥ (k 2 −k). Combined with (11) and (12), it can be understood that the four vertices represented by k, k 1 , k 2 and k 3 form a quadrilateral with arbitrary orientations allowed on the discrete wave number grid ( figure 1(a) ). For T 2 ir (q 2 = √ 2), (14) holds only if LHS=RHS=0, i.e., n ∈ {n 1 , n 2 } and m ∈ {m 1 , m 2 }. Therefore, the four vertices k, k 1 , k 2 and k 3 form a quadrilateral with only horizontal/vertical orientations allowed, i.e., aligned with axes ( figure 1(b) ).
